CHAPTER 3

Tensor Networks

Quantum learning involves systems with many degrees of freedom (e.g. many
qubits), which are described by tensor products of Hilbert spaces. In some circum-
stances, the standard notation describing operators and states in tensor product
Hilbert spaces can be unwieldy, and obscures certain structural intuitions. Here we
develop a standardized diagrammatic notation for manipulating tensors on tensor
product Hilbert spaces which illuminates various kinds of proofs. We will use this
notation on occasion in this book.

Before diving into our review, we begin with an anecdote. One of the earlier
usages of tensor diagrams is by Roger Penrose, which is why in some communities
such diagrams are called ‘Penrose graphical notation’. Penrose relayed to one of
the authors the following story. When Penrose was a PhD student at Cambridge
under the direction of Hodge, he developed his graphical notation to help him
better visualize certain proofs in algebraic geometry. One day when he met with
Hodge to report his progress, Penrose used these diagrams on Hodge’s blackboard;
Hodge was puzzled since he had never seen such diagrams before. Penrose said
that he would go write up a note explaining the notation to Hodge, and did so in
the ensuing week. He gave Hodge a 50 page manuscript with many diagrams, and
by Penrose’s account, Hodge thought that Penrose must have lost his mind, given
that he was claiming tensor algebra could be performed by manipulating a bunch of
squiggles. Penrose was of course correct, and so we commence with the squiggles.

1. Review of tensor network diagrams

As promised, the so-called ‘tensor network’ diagrams will render the index
contraction of higher-rank tensors more transparent than standard notations. Our
discussion here is based off of [CCHL22], and we also refer the interested reader
to [Lan11l, BC17] for a more comprehensive overview of tensor networks.

Diagrams for individual tensors

Throughout, a rank (m, n) tensor will mean a multilinear map T : H*®™" @ H®" —
C. If {|¢)} is an orthonormal basis of H, then in bra-ket notation 7' admits the
expansion

T= Y T (Ji) @ @ lim) (1] @ @ (nl) -
T1yeesfm
jlv---ajn

for some Tj’f;:” € C. A quantum state |¥) on H is thus a rank (1,0) tensor (a map
H* — C), and its dual (¥| is rank (0,1). Moreover, a matrix M =}, M} |i)(j] is
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56 3. TENSOR NETWORKS

a rank (1,1) tensor. We will depict 7' diagrammatically as

: T [+ (15)

which carries m outgoing legs on the left and n incoming legs on the right. Each
leg corresponds to one index of Tj’f;;” Our convention is that outgoing legs are
ordered counter-clockwise, while incoming legs are ordered clockwise. Concretely,
in (15) the upper left outgoing leg is i1, the one below is ia, etc.; symmetrically on
the right, the top incoming leg is ji, the next is jo, and so forth.

Tensor contraction

We now describe how to indicate tensor-network contractions. For illustration,
consider a rank (2,1) tensor

A=) Al (@ (k) = ——A [
ijk
and a rank (1,2) tensor
B=) By (my@ln) (= __"|B |~

Imn
Suppose we wish to evaluate
.
> AL Bk. (16)
ijk
Here lower indices pair with upper indices, reflecting vector—covector contraction.
The corresponding diagram is

L2
Reading this against (16), the contracted indices are precisely those whose incoming
and outgoing legs are glued. Only legs with compatible orientations may be joined,

encoding the rule that vectors contract with covectors.
As another instance, for a matrix M = 3, M} [i)(j|, the trace is drawn as

M

If My, Ms, ..., M}, are matrices, then their product My M, - - - M}, appears as

M, M, e My,

Multiplication by a scalar

For a tensor T and scalar «, we notate aT. In diagrams we simply write

 —] ———
—— —e——o
o' : T+
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Tensor products

Given tensors T7 and Tb, their tensor product T} ® T is represented by

—
P | T
—

i T2 :

or equivalently by

] ——  —] ———
i Tl : i T2 :

The ordering (e.g. Ty @ T versus To ® T) will be evident from context.

Taking norms

Matrix norms are often conveniently expressed in this notation. If M is a matrix,
its 1-norm ||M|; is indicated by

|

1

Here the diagram for M acts as a placeholder inside ||M||;. This is especially useful
when M itself arises from a contraction whose structure we wish to emphasize; for
example, if M = Zijkz A}CZB]M [i)(j|, then

|—{arTs}—

Tensors with legs of different dimensions

Thus far we have treated rank (m,n) tensors as maps T : H*®™ @ H®™ — C. More
generally, consider

T(HI@®H;)®(Hm+1®®7{m+n)_>(cv

where the Hilbert spaces need not be isomorphic. The same diagrammatic rules
apply, with the additional restriction that two legs may be contracted only if they
correspond to a Hilbert space and its dual of the same dimension.

As an example, take a state |¥) € C2® C? and its density operator |¥)(¥|. We
will draw the C? (qubit) legs as solid and the C3 (qutrit) legs as dotted. A partial
trace over the qutrit subsystem reads

‘ (17)

We return to partial traces in greater detail below.
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Identity operator

The identity on H is represented by a single oriented line:

— ———

Thus for a state in H,
—Y)

left-multiplication by the identity leaves the diagram (and therefore the state) un-
changed. Likewise, for the dual state

(W

right-multiplying by the identity returns the same diagram.
For k copies, the identity on H®* is

If instead the overall Hilbert space is H ® H’ with different factor dimensions, we
take H-legs to be solid and H’-legs dotted; then

[

and the evident generalization covers more than two distinct factors.

Resolutions of the identity
If {|¥;)}; is an orthonormal basis of #, then ), |¥;)(¥;| = 1 is depicted by

Z —— U ) (Vif—~— =

If instead {|¥;)}; resolves the identity on H ® H' with non-identical factor dimen-
sions, we analogously draw

Z T—:—-_—«‘\IJ'L'><\Ilii-——<—-—— = e [
%
Similarly, if {MJ M}, is a POVM on H with >, MIM, = 1, we write

> mt M, = ——

s

and the same idea extends to H ® H’ and larger tensor products.

Taking traces and partial traces

For a rank (n,n) tensor 7' : H*®" @ H®™ — C, the trace is tr(T) = Tirin

drawn as . U15eeyin i1 in
=
tI‘(T) = : T :

A particularly useful identity is the trace of 1 =), |i)(i|, viewed as a rank (1,1)
tensor:
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Thus a closed loop equals the dimension of the Hilbert space associated to that
curve. For 1444 ® 14« on H®H', where dim(H) = d and dim(#H') = d’, we have

(=)= () () =dd

with solid denoting H and dotted denoting H'.
Partial traces are handled analogously. Define the partial trace over the ‘kth
subsystem’ by

tr (T) = > (ZT;II JZTL) |i1) (1] @ - ®lik—1) (Jr—1|®|ik+1) (Jr41] @ -

217~»-»lk 17'Lk+17 in
T dk=15Tk+15--50n

Note that try(try(T)) = trg(tre(T)), so we may write try ¢(T), and tr1,. ,(T) =
tr(T).
Diagrammatically, the partial trace over the first subsystem is

try(T)= —+ 1 T [+

Over the second subsystem:

tI‘z(T) = : T

and so on.

If the legs of a tensor correspond to Hilbert spaces of differing dimensions,
traces and partial traces are still available whenever the paired spaces match. For
example, if T: (Hi @ --- @ H) @ (H] ® --- @ H,,) = C and Hi = H), we may
compute tri (7). As a simple instance, for |¥U) € H ® H’, the density operator
|U) (W] is a (2,2) tensor (H* @ H *) @ (H®H') — C, and

tra(|0)(W]) = ) (U=

which matches the example in (17); a similar figure represents try (| T)(¥|).

Isotopies

Tensor-network diagrams are interpreted up to isotopy of the legs: bending or
smoothly deforming them does not change the meaning. For instance, for a product
My M5 we may equally draw

il = <o

and the same holds in other cases.
Isotopies need not be planar; e.g.

L) -

AN

(=

®|in><jn‘ .
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Leg crossings are also allowed:

< MN—e—] —e—

Ty 15

— ] —e—

and we will not distinguish over- from under-crossings.

However, we keep fixed the relative ordering of the incoming and outgoing
endpoints. Reordering them would permute the tensor factors on which the tensor
acts. For example, let T : (H} @ H3) ® (H1 ® Ha) — C be drawn as

T

Then

o —
Ar-
corresponds to a tensor on (M3 ® H}) ® (H1 ® Ha), where the dual factors have
been swapped. See also the discussion of permutation operators below.

Permutation operators

Let Sy, denote the permutation group on k elements, and let 7 € Si. Define Perm(7)
acting on H®* by

Perm(7)|¢1) @ [¢2) @ -+ @ [Yn) = [r-1(1)) @ [Pr-1(2)) @ -+ @ [r-1))
and extend linearly. With this convention we have
Perm(7) - Perm(o) = Perm(70)

where 70 denotes the group product (composition 7 o o).
These representations admit an especially transparent diagrammatics. For S3
and 7 = (123), we draw

o

which becomes clear upon labeling the endpoints:

e

The group product is just as visible; e.g., Perm((123)) - Perm((12)) is

«1/—«{ B -
DY UDiE >
with Perm((123)) drawn in red and Perm((12)) in blue for emphasis; allowable
isotopies (without reordering endpoints) show the result is Perm((23)). Note also
that horizontally flipping the diagram for Perm(7) yields that for Perm(71).

As another example, acting with Perm((123)) on a state |¥) € H®3 gives

H4Y)
making it evident that the tensor factors are permuted according to (123)7! =
(132).
In later arguments, when no confusion can arise, we will abbreviate Perm(7)
simply as .
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Transposes and partial transposes

Let M =37, M} i)(j| be viewed as a rank (1,1) tensor. Its transpose M* =
S M #17)(i] can be indicated diagrammatically as follows.

Here we dualize each leg by reversing its arrow, then use isotopy to reorient so
the in-arrow enters from the right and the out-arrow exits to the left; this is done
to match the orientation of the diagram on the left.

For a higher-rank tensor, e.g. a rank (2,2) tensor T' = Z”M 210y (k| @ [5) (€], we
may transpose only one subsystem; the partial transpose on the Second subsystem,

e Tt 11) (k| @ )] is shown as

T

e

and the same notation extends in the obvious way to higher rank.

Mazimally entangled state

The maximally entangled state is [2) = >, |4)|¢) in the computational basis, taken
unnormalized. We depict |2) and its Hermitian conjugate by

Let Ha ~Hp ~ Hc. Then
(1a ® (Qpo) (14 @1c) =Y li)a

[

(Qap®1c) (1a®|Q)Bc) Z|z

T
J

One can view the black dot as implementing a transpose, since it flips the leg’s
orientation; two such dots cancel, reflecting that a double transpose is the identity.

which we draw as
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2. Some applications

We give three initial applications of tensor network diagrams to illustrate how
they illuminate certain kinds of mathematical relationships and proofs in multilin-
ear algebra.

Example 1: A property of the maximally entangled state. First, con-
sider a Hilbert space H ~ C¢ with an orthonormal basis {|i)}% ;. As discussed
before, the identity matrix can be written as 1 = Z?zl |i)(i]. Then we have the
following definition:

Definition 45 (Maximally entangled state). The (normalized) mazimally en-
tangled state on C? @ C? is given by

SR I < Y
) = =3Il

This is related to our previous notation above by |®T) = 7 |©2).

We observe that the maximally entangled state is proportional to the identity ma-

trix if we take the ‘transpose’ of the subsystems, namely |®T) o Zle i) ((i|)T =
d N

2 i1 [D]E)-

As an aside, the reason we use transpose here, and not Hermitian transpo-
sition, is as follows. Consider a more general state Zijzl ¢i;|1)j) where the ¢;;
are complex. Upon transposing the second subsystem, we find the linear operator
Z?j:l ciiliy(IgNT = Z?j:l ¢ijli)(j|, and conversely we can go from an operator
back to a state via a transposition. Note that the transpose is inert if we group
the ¢;;’s with the |j)’s, namely Zijzl i) (cij 19))T = Zj,j:l ¢i;9)(j|. But if instead
we considered Hermitian conjugation then, we would have szzl cii|li)(IiNT =

d N d , . d .l .
D= Ciglt) (Gl and D75y 18)(cij Nt = i j=1 Ci;19)(j], which are not equal. That
is, it would matter if we ‘grouped’ the ¢;;’s with the |j)’s or not. Said a different
way, taking the ‘partial Hermitian conjugation’ of a state, operator, or tensor wvi-
olates multilinearity, whereas taking a ‘partial transpose’ maintains multilinearity.

This is why partial transposition is a valid operation to do.
With the above considerations in mind, we can represent the maximally entan-

gled state by the tensor
1
Pty = —
=77 )

which is proportional to the identity tensor with a transpose inserted in. Now
consider an operator A ® 1 on C?¢ ® C%. Then applying this operator to |®*) and
applying elementary tensor network manipulations, we find

_ )
%1_}_

(A D)[e*) = (1o AT)|2"),

S

Thus we see that
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which is a useful property of the maximally entangled state.

Example 2: SWAP trick and SWAP test. Let us define that swap operator
SWAP : C? ® C* — C? @ C? by its action on basis states as

SWAPIi)|j) = [5)1i)

for all 4,7. The action of SWAP extends to other states by multilinearity, and is
a permutation operator on two tensor factors. We observe that SWAPT = SWAP,
and SWAP? = 1, so it is both Hermitian and unitary. In line with our notation
above, SWAP is expressed diagrammatically as

WAP =
swap = I

Now let A and B be linear operators acting on C?. We have

- (4 h
5]

and so we have shown that tr(SWAP - A® B) = tr(AB).

The above identity is the foundation for the so-called swap test. Suppose we
are given two states |¥) and |®) and want to test if they are the same or not. Since
the states in question are pure, their corresponding density matrices are |U)(¥|
and |®)(®|. Since SWAP is a Hermitian operator, it is an observable, and so we are
welcome to compute the ‘observable’ expectation value

tr(SWAP [0) (| @ |@)(®]) = [(¥|®)[*,

which gives the overlap of the two states. Thus, the overlap between two given
states is observable; if it is close to one then states are close to being parallel; if it
is close to being zero then the states are close to being orthogonal.

The swap test can also be used for the task of purity testing. We will return
to this in more detail later, but informally, if we are given copies of a density
matrix p, we would like to ascertain how close it is to being ‘rank one’ or ‘pure’.
Diagonalizing p as p = zgzlpﬂvi)(vﬂ where p; > 0 and Z?lei =1, we see that
performing the swap test on two copies of p we obtain

d
tr(SWAP p ® p) = tr(p?) = 3 _ p?.
=1

If p is pure (so that one p; = 1 and all the rest are zero), then the right-hand side
of the above is one; if p is impure, then the right-hand side is less than one. Indeed,
the smallness of 25:1 p? is a measure of the impurity of p.

As a special case of purity testing, consider a pure state density matrix |U)(¥|
and a maximally mixed density matrix é 1. Then if we perform the swap test on
two copies of |¥)(¥|, we find

tr(SWAP |[I) (| @ |U)(U]) =1,
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whereas if we perform the swap test on é 1 we find

1 1 1
tr(SWAP - ® =) = =.
i %7~
If d is large, then the difference between the ‘pure state’ and ‘maximally mixed
state’ swap tests is stark; the former is one, and the latter is 1/d which is close to
Zero.

Example 3: A completeness identity for orthonormal operator bases.
For our final example, we derive a rather interesting (and useful) identity. First we
require a definition.

Definition 46 (Hilbert-Schmidt inner product). Consider C**¢ as a vector space
of d x d matrices. We can turn it into a Hilbert space in its own right via the
Hilbert-Schmidt inner product

(A, B)yg = tr(ATB) = Z Aj

i,j=1

Let {Ml}fil be a complete orthonormal basis of linear operators on C%. (We note
that there must be d? such basis elements since the dimension of the space of d x d
matrices is d?.) Here we mean orthonormal with respect to the Hilbert-Schmidt
inner product. Orthonormality means that

(M;, My)us = tr(M{M;) = 55 (18)
and completeness means that any operator A can be written as A = Zil ¢; M; for
some coefficients ¢;. In fact, using (18) fixes the ¢;’s to be

d2
A= "tr(M]A) M;, (19)

i=1

namely ¢; = (M;, Ayps = tr(Ml-TA).
We can write (19) diagrammatically as

d2

B

=1

0

E§

and since it holds for all A, we can remove the A to find the tensor identity

d2

B

=

-

=1
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Since the above is a tensor identity, we are welcome to stick in an operator B on
C? @ C% this gives

Now if we happen to choose B = SWAP, we find

Z MlT :/L
where we have labeled the ends of the tensor legs with indices for clarity. The above
can be written in an algebraic form as the identity

d
> M;® M| = SWAP.
i=1
This is a striking identity. As an example if d = 2", we can let {Ml}i1 be the set
of n-qubit normalized Pauli strings {57z P;}¥ | which form an orthonormal basis
of C2"®2" with respect to the Hilbert-Schmidt inner product. Thus we find

1 &
—> P @ P =SWAP,

i=1
where we have used that P;r = P; for Pauli strings. Since the Paulis include the
identity operator, sometimes the above is rearranged as

Y P@P=2"SWAP-1®1.
P;#1
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